We examine the conditional regularity of the solutions of Navier-Stokes equations in the entire three-dimensional space under the assumption that the data are axially symmetric. We show that if positive part of the radial component of velocity satisfies a weighted Serrin condition and in addition angular component satisfies some condition, then the solution is regular.
Introduction
Let us consider the Navier-Stokes equations in entire three-dimensional space
where u : (0, T ) × R 3 → R 3 is the velocity field, p : (0, T ) × R 3 → R is the pressure, 0 < T ≤ ∞, ν is the viscosity coefficient, u 0 is the initial velocity and the forcing term is, for the sake of simplicity, considered to be zero. Our main result is following Theorem 1. Let u be a weak solution to problem (1) satisfying the energy inequality with u 0 ∈ W 2,2 (R 3 ) and ru θ (0) ∈ L ∞ (R 3 ). Let u 0 be axisymmetric. If, in addition, u 
, where p is the corresponding pressure, is an axisymmetric strong solution to problem (1) which is unique in the class of all weak solutions satisfying the energy inequality.
It is convenient to write the equations (1) in cylindrical coordinates
The equation of continuity has the following form in cylindrical coordinates
We put
We have
hence we get ω r,t + u r ω r,r + u z ω r,z − u r,r ω r − u r,z ω z − ν 1 r rω r,r ,r + ω r,zz − ω r r 2 = 0,
Suppose that 0 < t * < T is the time of the first blow up of the solutions, i.e. the smaller positive number such that sup (2)- (4) and (7)- (9) are satisfied in ((0,t) × R 3 ) in strong sense. We will show that it is impossible, if u + r and u θ satisfy our assumptions.
First we multiply (3) by u θ r µ p−2 u θ r 2µ , then after integrating by parts we get
Next, we multiply (8) by ω θ r α q−2 ω θ r 2α , then after integrating by parts we get
Thus we have
2 Estimate of I 3
, µ ∈ (−1, 1) and a ∈ (0, 1) we have
where
and C = C(γ, q, a, ε 1 , ε 2 , ε 3 ).
Proof. We have
Applying Young inequality with exponents (∞,
) we get
Proof. We have ur r q ≤ c(q) ω θ q for all q ∈ (1, ∞). So we have to verify that r
). Then for all γ ∈ (0, 3), q ∈ (
and for ε 4 , ε 5 ∈ (0, 1) the following estimate holds
where p =
(1 − a), and C = C(ε 4 , ε 5 , a, q, δ 0 , γ, ̟).
Proof. We denote κ = − 2(q−1) q (1 − a). Then we can write
We define ε 0 by equality −κq − δ 0 p = −q[
(1 − a)] ≡ −qε 0 . Then using (16) we deduce that −2 + ε 0 < α < ε 0 , hence we can use remark 1 and we get
Using the assumption on a we get that b = 1 − qε 0 2 satisfies b ∈ (0, 1) and we can write
Thus we get
where C = C(q, γ, ̟, ε 4 , ε 5 , a, µ).
From propositions 1 and 2 we get
and for ε 1 , ε 2 , ε 3 ∈ (0, 1) the following estimate holds
(1 − a), and C = C(ε 1 , ε 2 , ε 3 , a, q, δ 0 , γ, ̟).
). Then for ε ∈ (0, 1 14
for all ε 1 , ε 2 , ε 3 ∈ (0, 1) the following estimate holds
where p = 2(1−ε 2 ), q = 2(1−ε), µ =
1−ε 1+ε
and α = −2(1−2ε)(1+ε)ε and C = C(ε 1 , ε 2 , ε 3 , δ 0 , ̟, ε). In particular, for such exponents we have
and
Proof. We have to verify the assumptions of corollary 1. Therefore we put γ = 2(1 − ε). Then γ ∈ (0, 3) and q ∈ ( 2 4−γ , 2) and we set a = 1 − 2(1 − ε 2 )ε. Then using (20) we get
satisfies (18), because δ 0 is positive. Then we get (19)
(1 − a) = −2(1 − 2ε)(1 + ε)ε. In order to get (22) we have to verify that r −qα is A q weight. Indeed, in our case we have
. Inequality (23) we obtain by direct calculations.
Estimate of I 2
Proposition 3. Assume that for some positive
Then for q ∈ (1, ∞) and α ∈ (−1, 1) and for all ε 1 , ε 2 ∈ (0, 1) the following estimate holds
where C = C(ε 1 , ε 2 , δ 1 , s, w, q) and g(t) = |u
Weak solutions belong to L 10 3 , thus function g(t) is integrable.
Proof. Let η = η(r) be smooth cut off function such that η(r) = 1 for r < δ 1 /2 and η(r) = 0 for r > δ 1 . The we have
We begin with the first integral. We denote a = 
Now we estimate the last integral on the right hand side 
In order to estimate I 2,1 we put a = 4 and b = 5 and then proceeding analogously we get 
